We consider a model case of stationary vibrations of a thin at plate, one side of which is embedded, the opposite side is free, and the sides are freely leaned. In mathematical modeling there is a local boundary value problem for the biharmonic equation in a rectangular domain. Boundary conditions are given on all boundary of the domain. We show that the considered problem is self-adjoint. Herewith the problem is ill-posed. We show that the stability of solution to the problem is disturbed. Necessary and sucient conditions of existence of the problem solution are found. Spaces of the ill-posedness of the considered problem are constructed.
Introduction. The theory of vibrations of thin at plates is well elaborated to the present moment. Mathematical problems related to formulation and justication of well-posedness of statement of problems for stationary and non-stationary models are investigated detailed enough. Questions of optimal controlling of these vibrations have been studied. However, the investigation of problems, in modelling of which ill-posed problems arise, is far from its completeness [1] . And in this case one need to consider dierent variants of mathematical models. One of the basic situations from the physical point of view are cases of plates with constant bending stiness or plates of optimal weight. It is well-known that the modelling of stationary vibrations of such thin plates without application of additional loads leads to problems for the homogeneous biharmonic equation [2] .
Problems of modelling of thin plates vibrations with various conditions of xation on dierent sides (edges) of the plate are the most interesting cases. Frequently in practice there arise problems of modelling of vibrations of plates, boundaries of which consist of nite number of smooth arcs with part of them being clamped (embedded), and the rest of the arcs being in free leaning. Such conditions are permissible and the problems arising in their modelling are investigated rather detailed.
In the present paper we consider the mathematical model, which arises when one of the sides of the at plate is free. The mathematical modelling leads to the problem for the homogeneous biharmonic equation with dierent boundary conditions on opposite boundaries. This problem appears to be ill-posed.
The most known example of an ill-posed boundary value problem is the Cauchy problem for the Laplace equation.
In
with boundary conditions
ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß and initial conditions
The classic Hadamard example showing [3] the instability of the solution
to the Cauchy problem for the Laplace equation (1) with boundary conditions (2) and initial conditions:
with respect to small changes of initial data is well-known. The prominent soviet mathematicians, academicians A.N. Tikhonov and M.M. Lavrent'ev, their disciples and followers proved that the Cauchy problem for the Laplace equation, and other ill-posed problems [4, 5] are conditionally well-posed. Moreover they suggested the regularization of these ill-posed problems.
In [6, 7] they obtained a necessary and sucient condition for well-posedness of problem (1) (3) in the space L 2 (Ω) using method of expansion with the help of the eigenfunctions of the mixed Cauchy problem for the Laplace equation with deviating argument. There was considered [8] a nonlocal boundary value problem for the biharmonic equation in a disk.
One of ill-posed boundary value problems for elliptic equations is the case when the part of the domain boundary is exempt from the boundary conditions. A part of the boundary t = T, 0 ≤ x ≤ π is exempt from boundary conditions in the Cauchy problem considered above.
In the present paper we consider a local problem for an elliptic equation of the fourth order, ill-posedness of which is analogous to the ill-posedness of the Cauchy problem for the Laplace equation. Herewith boundary conditions are given on all boundary of the domain.
Statement of the Problem Problem
satisfying boundary conditions in the rst spatial variable x:
and boundary conditions in the second spatial variable y:
Denition 1. (4) and boundary conditions (5) (7) 
is a solution to problem C for biharmonic equation (4) with boundary conditions (5) and with conditions
It is easy to see that the boundary data tend to zero for k → ∞, but the solution u k (x, y) does not tend to zero in any norm. Consequently, the solution to the problem is instable. Therefore the considered problem C is ill-posed.
3. Symmetry and positivity of an operator of the problem. Consider the problem with homogeneous boundary conditions (6) (7):
Let L be an operator in L 2 (D) being a closure of the operator given by the dierential expression
be two arbitrary elements from the domain of the operator L. For these elements there exist corresponding sequences of smooth functions
Then by direct calculation we obtain for all u, v ∈ D(L)
Consequently the operator L is symmetric. In this sense the boundary value problem (4) (7) is self-adjoint. Similarly, for all u ∈ D(L) we obtain (Lu, u) = ∥△u∥ 2 ≥ 0. Consequently the operator L is positive.
Construction of a Formal Solution of Problem (4) (7). By
The solution to problem (4) (7) we represent in the form of an expansion into the orthogonal series
By considering that series (8) converges and allows a term by term dierentiation (the required number of times), we construct a formal solution to the problem. Substituting (8) to equation (4) and to the boundary conditions (6), (7), for v k (y) we obtain the problems
Here φ ik and ψ ik are the Fourier coecients of the expansion according to the orthonormal basis {ω k (x)} ∞ k=1 of the functions φ i (x) and ψ i (x) respectively:
Equation (9) has a general solution
We satisfy this solution to the boundary conditions (10), (11). Then we get the system of linear equations
A determinant of this system equals to
Since ∆ ≥ 16, then system (12) has a unique solution. By the direct calculation we get
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Consequently the solution to problem (9) (11) has the form
Substituting the found result into (8), we get the formal solution to problem (4) (7). (4) (7). Consider problem (4) (7) in sense of a generalized solution. The most suitable notion for demonstrating conditions of stability is the notion of a strong solution.
A Generalized Solution of Problem
Denition 2. The function u ∈ L 2 (D) is called a strong solution to problem (4) (7), if there exists the sequence of the smooth functions
in L 2 (0, π).
As the required sequence u n , we choose a sequence of partial sums of the Fourier series: (14) is obvious. Consequently the existence of the strong solution to problem (4) (7) is equivalent to the convergence of the sequence u n in L 2 (D).
By virtue of the Parseval equality, the convergence of the sequence u n in L 2 (D) is equivalent to the convergence of the numerical series
6. A Criterion of Existence of a Solution to Problem (4) (7). The main result of the paper is:
A strong solution to problem (4) (7) exists if the numerical series
converge.
Proof. Solution (13) Conclusion. In the paper we consider one model of stationary vibrations of a thin at plate, one side of which is embedded, the opposite side is free, and the sides are freely leaned. The mathematical modelling leads to a local boundary value problem for a biharmonic equation in a rectangular domain. Although boundary conditions in the problem are given on the whole boundary of the domain and it is self-adjoint, it is shown that the problem appears to be ill-posed. It is shown that the stability of the problem solution is violated. Necessary and sucient conditions for existence of a solution to the investigated problem have been obtained. The spaces of the well-posedness of the considered problem have been constructed. Ðàññìàòðèâàåòñÿ ìîäåëü ñòàöèîíàðíûõ êîëåáàíèé òîíêîé ïëîñêîé ïëàñòèíû, ó êîòîðîé îäíà ñòîðîíà çàäåëàíà, ïðîòèâîïîëîaeíàÿ ñòîðîíà ñâîáîäíà, à ïî áîêîâûì ñòîðîíàì ñâîáîäíîå îïèðàíèå. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè âîçíèêàåò ëî-êàëüíàÿ êðàåâàÿ çàäà÷à äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â ïðÿìîóãîëüíîé îáëàñòè. Êðàåâûå óñëîâèÿ çàäàþòñÿ íà âñåé ãðàíèöå îáëàñòè. Ïîêàçàíî, ÷òî ðàññìàòðèâàåìàÿ çàäà÷à îêàçûâàåòñÿ ñàìîñîïðÿaeåííîé, è ïðè ýòîì íåêîððåêòíîé. Ïîêàçàíî, ÷òî íàðó-øàåòñÿ óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è. Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ èññëåäóåìîé çàäà÷è. Ïîñòðîåíû ïðîñòðàíñòâà êîððåêòíîñòè ðàññìàòðèâàåìîé çàäà÷è.
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